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ABSTRACT. On the basis of an analysis of the ITER L-mode energy confinement database, two new scaling
expressions for tokamak L-mode energy confinement are proposed, namely a power law scaling and an offset-linear
scaling. The analysis indicates that the present multiplicity of scaling expressions for the energy confinement time TE
in tokamaks (Goldston, Kaye, Odajima-Shimomura, Rebut-Lallia, etc.) is due both to the lack of variation of a key
parameter combination in the database, fs = 0.32 R a"075 k0 5 ~ A aO25k05, and to variations in the dependence of
rE on the physical parameters among the different tokamaks in the database. By combining multiples of fs and another
factor, fq = 1.56 a2 kB/RIp = qeng/3.2, which partially reflects the tokamak to tokamak variation of the dependence of
TE on q and therefore implicitly the dependence of TE on Ip and n,., the two proposed confinement scaling expressions
can be transformed to forms very close to most of the common scaling expressions. To reduce the multiplicity of the
scalings for energy confinement, the database must be improved by adding new data with significant variations in fs,
and the physical reasons for the tokamak to tokamak variation of some of the dependences of the energy confinement
time on tokamak parameters must be clarified.
1. INTRODUCTION
Characterization of energy confinement in tokamaks
is essential for developing and testing candidate theories
and models for energy confinement and for identifying
the parameters that should be emphasized in the design
of the next generation of experiments. In the past, the
difficulties in connection with characterizations based
on statistical regression analyses were that, in general,
each analysis usually resulted in a new scaling which
fitted the existing database, but which yielded different
predictions for tokamaks that were not in the database.
To improve the situation, a global L-mode energy con-
finement time database was collected by Kaye et al. [1]
and analysed in detail in Refs [1-6]. As part of the
ITER joint activity, the original L-mode database of
1983 [7], containing data from Dili, ISX-B, DITE,
ASDEX, TFR, PDX and PLT (also including some
initial TFTR data), was updated and enlarged to
include new data from the large tokamaks JT-60,
TFTR, JET and DITJ-D, and additional data from
JFT-2M and T-10 [1]. The JT-60 and JFT-2M contri-
butions included data from both divertor and limiter
discharges.
It is difficult to characterize these data. First,
tokamak transport losses are undoubtedly due to a
variety of plasma, atomic and surface processes. Most
scalings are expressed in terms of the parameters for
heating power P, toroidal field B, plasma current Ip,
elongation k, major radius R, minor radius a, plasma
density n, and isotopic mass M. The confinement
losses clearly depend on other variables as well, such
as the plasma profile, current profile, heating profile,
MHD behaviour and plasma-wall interactions, so that
the set of eight variables normally used is incomplete.
A second problem is that the functional form of the
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TABLE I. VALUES OF R2 FOR CANDIDATE
SCALINGS [1] WITH q < 6 AND P0H * Paux
the parameters that are varied least in the database is
the shape index fs:
KB
0.98
ITER89-P
0.98
G
0.975
CY
0.98
RL
0.94
ITER89-OL
0.96
OS
0.92
KB is Kaye-Big scaling [1], ITER89-P is the ITER power law
scaling discussed in this paper, G is the Goldston scaling [9],
CY is the Chudnovskij-Yushmanov scaling [4], RL is the Rebut-
Lallia scaling [10], ITER89-OL is the ITER offset-linear scaling
described in this paper, and OS is the Odajima-Shimomura
scaling [11].
dependence of the energy confinment time TE on the
parameters is unknown. Therefore, any assumed form
is probably valid only over a limited range. An
example of this is the existence of both a power law
scaling and an offset-linear scaling for the present
tokamak database [1]. For these reasons and because
of the incompleteness of the parameter set, the varia-
tion in the difference TE - T£1 is not purely due to
statistical variations in the data. Moreover, there are
collinearities in the data which are due to the lack of
independent variation of these eight parameters over
the database. Therefore, we have not followed a
strictly statistical approach and have instead developed
scaling relations based partially on statistical arguments
and partially on an analysis of how TE scales for
parameter scans in different experiments and in different
regimes. The primary reason for this is that some key
parameters (such as B) were either almost the same for
all of the data from the tokamaks in the database or
did not vary much over the whole dataset (such as M).
With this approach, the ITER database has been
analysed, and a class of scalings which are good fits to
the data have been selected. The differences between
these successful scalings [1] cannot be resolved within
the present database (Table I, where R2 denotes the
fraction of the total (corrected) sum of squares that
is explained by the model, see Ref. [8]). We found
that this is due to two specific features of the ITER
database: collinearity in the data due to a lack
of variation in some of the directions in the multi-
dimensional parameter space of the database TE =
TE(P,B,Ip,k,R,a,n,M), and variations in the scaling of
TE from tokamak to tokamak [2-5]. We find that the
most poorly defined parameter combination in terms of
fs = 0.32 (R/a) a025 k°5 (1)
where R is the major radius in m, a is the minor
radius in m, and k is the elongation at the null point
(see, for example, Ref. [3]). In statistical terms, this is
the least well determined principal component. The
direction of least variation in the ITER database arises
partly from the fact that tokamaks with circular cross-
sections (e.g. ASDEX and JT-60) tend to have higher
aspect ratios. The 'shape' factor fs tends to be about
unity for almost all of the tokamaks in the database
(Table II and Fig. 1), while the value of fs for ITER,
for example, is about 1.6.
Another difficulty in the determination of scaling
expressions is the variation in the scaling with respect
to the machine parameters from tokamak to tokamak
[2]. Part of the variation in the confinement scaling
from tokamak to tokamak may be related to physics
differences, which could be corrected if profile data
such as the radial profile of the heating power deposi-
tion were available. The scaling with respect to the
power is similar for most of the tokamaks in the data-
base (TE ~ p-°-5±°-1). The scaling of TE with density n
and plasma current Ip, however, varies more strongly
from device to device [1,3,5,6]. The dominant scaling
TABLE II. TYPICAL VALUES OF fs
Tokamak
JT-60
TFTR
JET
JFT-2M
Din-D
Dffl
ISX-B
DITE
ASDEX
TFR
PDX
PLT
T-10
R
3.0
2.5
2.9
1.3
1.7
1.45
0.95
1.2
1.65
1.0
1.45
1.35
1.5
a
0.9
0.8
1.2
0.3
0.6
0.4
0.25
0.25
0.4
0.2
0.4
0.4
0.3
A
3.3
3.1
2.4
2.4
2.5
3.6
3.8
4.8
4.1
5
3.6
3.4
5
k
1
1
1.45
1.45
1.8
1.4
1.4
1
1
1
1
1
1
fs
1.0
0.9
0.9
1.1
1.0
1.0
1.0
1.0
1.0
1.0
0.9
0.8
1.1
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-0.75 ,0.5FIG. 1. Number of shots for fs = 0.32 R a'"" kUi in the ITER L-mode database [1].
of TE with Ip is Ipa±0, with a. ~ 1 and (8 < 0.2. The
variation in /3 from tokamak to tokamak can be inter-
preted as being due to the variation in the scaling with
respect to q. Most of the discharges in the dataset
were limiter discharges and were heated with neutral
beams. A number of radiofrequency heated and divertor
discharges were included for comparison. To a large
extent, the differences in confinement are negligible.
However, we mention briefly two distinct groups of
discharges which scaled differently. The incremental
confinement time rinc depends strongly on Ip in JT-60
limiter discharges, but depends only weakly on Ip in
JT-60 divertor discharges. A strong dependence of rE
on density has been observed in T-10 electron cyclo-
tron heating experiments, while a much weaker depen-
dence of TE on density has been observed in tokamaks
with neutral beam injection (NBI) heating. The scalings
with current and density are linked because higher
current operation is often accompanied by higher
operating densities and therefore the density and current
variations are correlated. These different dependences
may also be due to different operating conditions and
parameters that are not included in the database. We
find that much of the variation in the scaling with
current among tokamaks can be included by intro-
ducing a factor fq to reflect the variation with q
(and implicitly Ip):
fq = 1.56a2kB/RIp = qen,/3.2 (2)
where B is the magnetic field in T, Ip is the plasma
current in MA, and qeng = 5 a2kB/RIp is the usual
engineering cylindrical safety factor (3.2 is the average
value of qeng for the ITER database). The lack of
variation in fs in the existing database and the poorly
determined dependence of TE on qeng are the main
reasons for the corresponding uncertainties in the
exponents in each scaling expression.
In the present ITER database, there is virtually no
isotope variation within each tokamak, so that it cannot
be determined by regression. We have assumed an iso-
tope dependence proportional to M0 5 on the basis of
the results of the survey of isotope dependences con-
ducted by Wagner et al. [12], which shows an enhance-
ment factor of ~ 1.4 for the energy confinement time
for operation with deuterium compared to hydrogen.
In Section 2, we propose a new power law scaling
and show that many of the commonly accepted power
law scaling expressions differ from each other by mul-
tiples of fs and fq. In Section 3, the same methodology
is applied to analyse offset-linear scaling expressions.
Section 4 gives a summary and conclusions.
2. POWER LAW SCALING EXPRESSIONS
We have considered power law scaling expressions
for TE constructed from eight basic tokamak operating
parameters: M, Ip, R, a, k, n, B and P, of the form
TE = C MaM I i^ R°R aaa k°* n^B0* P*P, where TE is
the global energy confinement time in seconds, M is
the average isotopic mass number, Ip is the plasma
current in MA, R is the major radius in m, a is the
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minor radius in m, k is the elongation at the plasma
surface, n is the line averaged plasma density in units
of 1020 nr3, B is the toroidal field in T and P is the
total plasma heating power in MW; the a's are the
exponents for the fit.
By combining a number of separate data analyses,
we have determined the following scaling expression
which fits all major groups of data:
TrTER89-P M 0 . 5 jO.85 R 1 .2 a0.3 k0.5 n0.1 B 0 .2 p-0.5
(3)
The ITER scaling law differs from the previous scaling
laws only slightly in the well determined parameter
directions. In the poorly determined parameter direc-
tions, the ITER scaling was chosen to adequately fit all
significant groups of discharges. The Ip dependence in
the ITER scaling was chosen as a compromise between
the linear scaling observed in most tokamaks and the
weaker scaling observed in JET and JT-60. As men-
tioned before, the vector fs is about 1 for the complete
database, and the factor fq reflects the fact that the
q dependence of TE is poorly determined because of
tokamak to tokamak variations in the q scaling. We
find that the power law scaling expressions that provide
a reasonable fit to the experimental data can be
expressed in the general form (see Refs [3, 4]):
Tscaling = TITER89-P x f « s f « q ( 4 )
where the values of as and aq are in the ranges
|as | < 0.7 and |aq| < 0.2. For example, by
appropriate choices of cts and aq, it is possible to
reproduce the Kaye-Big scaling [1]:
TP = 0.105 M0 5 Ip0-85 R05 a08 k025 n01 B 0 3 P"05
=
 TpR89-p x fs-o.7 ( 0 9 8 a-o.o2 ko.i Bo.i) ( 5 )
the Goldston scaling [9]:
= 0.03 M0 5 Ip R175 a"0-37 k05 P"05
= TrTER89-P x fO.4 f-0.15 ( 1 0 5 a-0.07 k-0.05 n-0.1 g-0.05)
(6)
and the scaling by Chudnovskij-Yushmanov [4]:
T£Y = 0.125 M0 5 Ip0-65 R04 a11 k03 n015 B035 P"05
X ff-6 f j 2 (1.2 a"005 k"01 n005 B"005)
(7)
The uncertainty in a s is larger than that in aq
because the variation of fs is much less than the varia-
tion of fq in the database. The most straightforward
estimate for the uncertainties in as and aq is given by
ordinary least squares regression:
F = fit\l 2[ln(rE/r§)]
denotes the residual sum of squares for the scaling
expression, where the sum over i is over all of the
shots in the database. To leading order, F is a
quadratic function of the regression coefficients.
Neglecting the influence of the well determined
directions, we can approximate F by
F(<*s, aq) • 0.172 [1 + 0.15 (as - as)2
+ 2.0 (aq - aq)2] (8)
where as and 6tq are the exact least squares regression
values. For a given confidence level z, the standard x2
test rejects all as and aq values for which
F(as, <xq) > F(0,0)(l + N"1 Xl,z) (9)
where N is the total number of observations, and xl; z
is the critical value, for a xl variate, corresponding
to a tail probability z. From Eqs (8) and (9) we can
estimate the uncertainty of the confinement time
extrapolation for ITER. We use ds for the distance
in the direction of fs from the database mean, i.e.
ds = |ln fl™ - <ln fs>|, and similarly for dq.
The prediction half-width is then given by [N"1 xl; z
x (0.15-1 dl + 2"1 dq2)]1/2. For z = 5% (x\z = 6),
N = 1200, ds = |ln 1.6| = 0.47 and dq = |ln 0.59|
= 0.525, this half-width (two standard deviations) is
about 10%.
Standard least squares regression analysis yields a
half-width (two standard deviations) deviation for
In TE; n-ER of 14% (which means that the other
regression variables contribute about 1/3 of the total
interval). This interval is a sensible lower bound on
the real uncertainty, since it neglects the tokamak to
tokamak variation, and it assumes that a power law
type scaling, which depends only on the variables
included, is valid. The tokamak to tokamak variation
has been investigated in Refs [2, 3]. An approximate
formula [2, 4] can be obtained by replacing the
number of data points N in Eq. (9) by the number of
tokamaks. More accurate formulas are presented in
Refs [2, 3], which give a half-width (two standard
deviations) of about 40%.
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For the ITER parameters: M = 2.5, Ip = 22 MA,
R = 6 m, a = 2.15 m, k = 2.21, n = 1.3 x 1020nr3,
B = 4.9 T, and P = P0H + PaUx + P* - Prad = 150 MW
(Prad includes only bremsstrahlung and synchrotron
radiation from the plasma centre), Eq. (3) yields the
following L-mode energy confinement time prediction
for ITER with a power law scaling:
TrrER89-p = ! 9 5
An approximate prediction interval of 66%
(corresponding to one standard deviation) for
the ITER L-mode confinement time
 T^
ER89P
 is
1.95 s x (1 ±0.2).
3. OFFSET-LINEAR SCALINGS
We have also fitted the L-mode data with an offset-
linear-type of scaling of the form TE = WOH/P + Tinc.
We have compared three offset-linear scalings: those
by Odajima-Shimomura [11], Rebut-Lallia [10] and
Takizuka [5]. To develop a better Ohmic scaling, we
used additional data in the saturated Ohmic regime
from outside the ITER L-mode database, from JET,
JT-60, TFTR, Dffl-D, TEXTOR, Dm, ASDEX,
T-10, JFT-2, PLT, JFT-2M and ALCATOR-C.
The Ohmic stored energy W0H (MJ) for the Odajima-
Shimomura scaling [11] is given by
= 0.064 M0 5 LR1-6 a04 k02 n0 6 B 0 2 f(Zeff) g(q)
(11)
where f(Zeff) = Z°J [(15 - Zeff)/20]06 and
g(q) = [3q(q + 5)/(q + 2)(q + 7)]06. For the
Rebut-Lallia scaling [10] we have
= 0.17 M 0 5 Ip05 L2-75 n 0 7 5 B 0 5 Z°J5 (12)
where L3 = R a2k and the ratio of total stored energy
to electron energy is assumed to be 1.65. Another
expression for W0H has been proposed recently by
Takizuka [5]:
0H
R16 a06 k05 n0 6 B0 3 5 Z&4 (13)
Except for the mass and Zeff dependence and the weak
factor g(q), these expressions can be made very similar
by multiplying them by various powers of fs and fq.
The Odajima-Shimomura scaling can be obtained from
To make the Rebut-Lallia and the Takizuka scalings
agree, a small power of na2/Ip is necessary in addition
to factors of various powers of fs and fq: WQH ~ WQH
x (na2/Ip)°15 f|05 f j2 . Because of the small deviations
of fs, fq and na2/Ip in the ITER database, all these
expressions can reproduce the experimental data
reasonably well when Tinc < WOH/P [4, 5]. Among the
three forms of W0H, Eq. (12) is preferred because it
has the smallest deviation of rinc from the power law
form [4, 5]. Neglecting the Zeff dependence of WQH
and determining the constant to fit the database, the
basic expression for W0H is given by
= 0.064 M0 2 Ip08 R1-6 a06 k05 n0 6 B0 3 5 (14)
The incremental confinement time rinc for the
Odajima-Shimomura scaling
T™ = 0.085 M0 5 a2k
and for the Rebut-Lallia scaling
TRL = 0.014 M0-5 Ip R05 a k05 Ze#5
(15)
(16)
which are based on fits to the JT-60/JFT-2M and JET
data, respectively, give relatively poor fits to the whole
experimental database [5, 6]. These two fits are only
accurate when the Ohmic term W0H is dominant. On
the basis of our analyses, we recommend the following
form for rinc:
TrrER89 = 0 04 M0.5 T0.5 R0.3 a0.8 k0.6 (17)
This new form of Tinc provides a better fit to the whole
experimental database than do the former scalings.
Analysis of the ITER database shows that, in addi-
tion, a2/Ip at fixed q is almost constant, and the size
dependences of T™ and TJJCER89 are almost identical.
However, for future devices, Ip will be more nearly
proportional to the size, and the dependence of rinc on
the 'effective size' L will be different for each scaling:
OS _ T 2 - R L _ T 2.5 -ITER89 _ T
' inc ^ » ' inc *-> > ' inc *-> 1.6
The predicted value of TE using Eqs (14) and (17) is
TrrER89-OL = W Q H / P + Tfac = o.5 s + 1.5 s = 2.0 s
(18)
which is nearly equal to the value of Eq. (10) given by
TITER89-P
the Takizuka scaling by Wg& - W£H x fs-°2 fq-°2.
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(a)
ASDEX
Dil l
• ISX-B
o JET
* JFT-2M
• JT-60
PDX
© TFTR
0.01 - r
0.001
0.001 0.01 0.1
ITER-89 Power law scaling (s)
(b)
0.01-r
0.001
0.001 0.01 0.1
ITER-89 Off-set Linear scaling (s)
£HMW> (Eq. (19) (with T^*89-01 (Eq. (20)).FIG. 2. Comparison of the scalings
(a) Experimental TE versus rE from the ITER-89 power law scaling;
(b) Experimental TE versus TEfrom the ITER-89 offset-linear scaling.
4. CONCLUSIONS AND DISCUSSION
The present multiplicity of scaling expressions for TE
is due both to the lack of variation in fs ~ R"°75 k°5
for the present tokamak devices and to variation in the
dependence of TE on the physical parameters among
different tokamaks. On the basis of the ITER database
of L-mode energy confinement, we have developed
two new scalings as a basis for the ITER design.
The recommended power law scaling is:
TrTER89-P = M0.5 jO.85 R1.2 a0.3 k0.5 nO.l g0.2 p-0.5
(19)
and the offset-linear scaling is:
TITER89-OL = M0.2J0.8
 R1.6 BO.35/p
+ 0.04 M0 5 Ip0-5 R03 a08 k06 (20)
A comparison of the predicted confinement scalings
with the experimental data is presented in Fig. 2.
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The differences between the power law scaling and
the offset-linear scaling are difficult to distinguish for
moderate values of P/POH- We note that the offset-
linear scaling requires more free parameters and is
therefore less well determined in the present ITER
database. To determine a more accurate offset-linear
scaling, the present database must be supplemented by
more data with a broader range of Paux/PoH values.
Thus, while the present ITER89-OL scaling fits the
data nearly as well as the ITER89-P scaling, and while
both types of scaling give approximately the same
confinement time prediction for ITER parameters:
TrrER89-p = 2 .0 s X (1 ± 0.2) (21)
the predictive ability of the offset-linear scaling is
judged to be less. Therefore, we recommend that the
ITER89-P scaling be used for design extrapolations
and that the ITER89-OL scaling be used only as a
reference point.
The dependences of rE on n, Ip, M and B have to be
investigated more thoroughly, and the physical reasons
for the tokamak to tokamak variation of some of the
dependences have to be clarified. The differences in
the density scaling for different tokamaks may be due
to the dependence of the radial profile of the power
deposition for different heating methods. The weak
dependence of rE on the plasma density n in beam
heated tokamaks, which comprise most of the points in
the database, may be attributed to a decreased beam
penetration at higher densities and to an increased
superthermal ion contribution at low density. There-
fore, the dependence on density in the scaling obtained
from the database analysis may have a systematic error
which would lead to an underestimate of the confine-
ment time that would be obtainable with strong central
heating such as alpha particle heating in high Q and
ignited tokamaks. In addition, there is a systematic
correlation of Ip with n in many tokamak experiments.
To increase the accuracy of the prediction of rE,
new data with increased variation in the shape index,
fs = 0.32 R a~°75 k05, are necessary. Such experi-
ments have been performed in JT-60 and TFTR and
support the ITER89-P scaling surprisingly well. When
additional data with more fs values become available,
they will be analysed and the appropriate modifications
to the ITER89 scaling will be made in order to reduce
the uncertainties and to increase the accuracy of the
predictions.
The equations which describe local transport in a
turbulent plasma place a constraint on the power law
scaling [13] which is of the form
5aB + en + 8an + 3aP - 4aR - 4aa + 5 = 0 (22)
In situations where the heating profile is a function of
density, as is the case with NBI, as mentioned above,
or where the atomic physics in the edge region plays a
dominant role in the confinement, these simple con-
straints will no longer hold. Interestingly, we find that
Eq. (19) is close to satisfying the constraint imposed
by Eq. (22). Only a change of the n exponent from
<xn = 0.1 to an = 0.08 is necessary, and this is within
the error bars. Scaling (19) satisfies even better the
non-linear gyrokinetic equations [14] (NGK). Minor
changes of the indices of Eq. (19) to
TE OC J0.9 R 1 .3 a 0 .4 k0.5 B 0 .2 p-0.4 (23)
yield a form which satisfies the constraints of the NGK
equation. The resulting thermal diffusivity x has the
form
X oc WI-) .0.4 (24)
where p is the Larmor radius, v^ , is the thermal
velocity, L is a characteristic scale length and v* is
the ratio of the collision frequency to the bounce
frequency.
We have not derived a systematic scaling for
H-mode confinement because of the lack of a complete
database, and we recognize that confinement with
H-mode operation will probably have dependences
that are not present in the L-mode experiments.
Nonetheless, a comparison of the ITER89-P scaling,
Eq. (19), with the H-mode data from ASDEX and JET
indicates that the H-mode confinement time in ASDEX
and JET is roughly 2.3 and 2.1 times, respectively, the
confinement time predicted by the ITER89 power law
scaling. Currently, there are activities to collect a
systematic database for the H-mode [15], and when
these data are available, a scaling for the H-mode will
be developed.
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